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1 Introduction
In this paper, we are concerned with oscillation criteria for solutions of the third-
order delay and advanced dynamic equations

1 S\ A4
(a(t) (z2(1)) ) +q®) f(zlg()]) =0 (1.1)
and
1 S\ A4
(a(t) (z2(1)) ) = q(t) f(2[g(t)]) + p(t)h(2[k(t)]) (1.2)

on [tg,00)r such that tg € T and tg > 0, where « is the ratio of two positive odd
integers, a,p, q € Cra([to, o0)T, (0,00)) with

|
and g,k € Cyq(T,T) are nondecreasing functions such that g(¢) < ¢ < k(¢) and
tlim g(t) = co. We also assume that f,h € C(R,R) such that z f(x) > 0, zh(z) > 0,
— 00

f(z) and h(z) are nondecreasing for = # 0 satisfying

Q=

(s)As = o0, (1.3)

—f(=zy) > flay) > f(z)f(y) if 2y >0 (1.4)
and
—h(=zy) > h(zy) > h(z)h(y) if zy > 0. (1.5)

By a solution of equation (1.1) (or (1.2)) we mean a function z € C}; ([Ty, 00)r, R),
T, > to, which has the property that (1/a) (z2)" € C2, ([T}, 00)1,R) and satisfies
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(1.1) (or (1.2)) for all large ¢t > T,.. A nontrivial solution is said to be nonoscillatory
if it is eventually positive or eventually negative and it is oscillatory otherwise. A
dynamic equation is said to be oscillatory if all its solutions are oscillatory.

Since we are interested in the oscillatory behavior of solutions of (1.1) and (1.2)
near infinity, we assume throughout this paper that our time scale is unbounded
above. An excellent introduction of time scales calculus can be found in the books
by Bohner and Peterson [1] and [2].

The purpose of this paper is to extend the oscillation results given in [3] and [4].
Oscillation criteria for third order dynamic equations are recently studied in [5-8].
Other papers related with oscillation of higher order dynamic equations can be
found in [9,10]. The well-known books concerning the oscillation theory are [11,12].

For simplification, we define the following operators

1

Lox(t) = z(t), Liz(t) = o (LOA.’L‘(t))a7 Lox(t) = L2 x(t), Lsx(t) = L5x(t).

Thus (1.1) and (1.2) can be written as
L (t) + (1) f(z[g(2)]) = 0

and
Lz (t) = q(t) f (z[g()]) + p(t) (= [k(1)]),

respectively. In what follows we use the following notation. For (¢,s,T') € [s, 00)T X
[T, 00) X [to, 00)T

A(t,s):/ a=(u)(u— )= Au (1.6)

and
B(t7s):/ a= (u)(t — u)* Au, (1.7)

2 Oscillation Criteria for (1.1)
In this section, we investigate some oscillation criteria for solutions of the third-order
delay equation (1.1).

Theorem 2.1 Let (1.3) and (1.4) hold and assume that

fuw)

u

>c>0 (2.1)

foru # 0 and a constant c. If for t € [ty, c0)T

lim sup / a(5) F(Alg(s), o)) s > * (22)

t—o0 (t)
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and

me/ a(5)F(Blo(t), 9(s)) A5 > (23)

t—o00 (t)

where A and B are defined as in (1.6) and (1.7), respectively, then (1.1) is oscilla-
tory.

Proof Let x be a nonoscillatory solution of (1.1) and assume that without loss of
generality z(t) > 0 for t € [tg,00)T and so Lzz(t) < 0 eventually for ¢ € [tg, 00)T.
Therefore, there exists a ¢1 € [tg, 00)r such that Lyz(t) and Lox(t) are of one sign
for all ¢ € [t1,00)r. We now distinguish the following two cases:

(I) Lyz(t) > 0 and Lox(t) > 0 eventually;

(IT) Liz(t) < 0 and Lox(t) > 0 eventually.
We now start with the first case.

(I) Assume that Lyz(t) > 0 and Lex(t) > 0 for ¢ € [t1,00)r. Then we have

/t Loa(s)As = Lua(t) — Lua(ty) < Lia(t), ¢ [tr,00)

t1

Since Loz is nonincreasing, we have
(t — tl)LQ,I(t) < le(t), te [th OO)']I‘.
This implies that
A 1 1L
() > a=>(t)(t —t1)= Lsx(t), t€E [t1,00)r.

Integrating the above inequality from t; to ¢, we have

2(t) > Ly z(t) /tai(s)(s C1)EAs = A(t, 1) L5 x(t), t€ [th,00)r,

ty
where A is defined as in (1.6). Hence there exists t2 € [¢t1,00)r such that
1
2[g(D)] = A(g(t), t) L3 x[g(t)],  t € [ta, ). (2.4)

From (2.4) and (1.4) in (1.1) we obtain that

~Lyr(t) > () f(Alg(t) 1) (L5 2lg(1)]). ¢ € [t2,00)r.

Integrating the above inequality from g(¢) to ¢, we obtain that
t 1
Larlg®)2 | a0 A M elg@)As, € 000
g(t

or

Loxlg(t)] = f(Lz“l”m[g(t)])/(t) q(s)f(A(g(s),t1))As, T € [tz,00)r.
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Dividing both sides of the above inequality by ]”(Lzé:r[g(t)])7 taking the lim sup of
both sides as t — oo and using (2.2), we obtain a contradiction to (2.1).
(IT) Assume that Liz(t) < 0, Laz(t) > 0 for ¢ € [t1,00)r. Then we have

t

[ Lasw)du = Lia(t) = Lia(s) < ~Lia(s),  (2,5) € [s,00)e 1,00}
Since Loz is nonincreasing, we have

—Lyz(s) = (t — s)Laz(t), (L,s) € [s,00)1 X [t1,00)7

or

Q=

—22(s) > a=(s)(t — 3)5L§x(t)7 (t,s) € [s,00)T X [t1,00)T.

Integrating the above inequality from s to ¢t we obtain
1
x(s) > B(t,s)Ls x(t), (t,8) € [s,00)T X [t1,00)T, (2.5)

where B is defined as in (1.7). Then there exists 2 € [t1,00)r such that

tlg(s)] > Blg(t), g())L3 2lg()].  (9(8).9(5)) € [g(s).00) X [t2,00)7.  (2.6)

Integrating (1.1) from ¢(¢) to ¢ and using (1.4) along with the above inequality we
have

t t

a9 alo(e))As = FLEalo(®]) [ als)f(Blo(o) ()

g(t)

Laslg(t)) > |

g(t)

1
Dividing the above inequality by f(Ls z[g(t)]), taking the lim sup of both sides of
the above inequality as t — oo and using (2.3), we obtain a contradiction to (2.1).

O

For the bounded solutions of (1.1) we have the following which is immediate from
Theorem 2.1.

Corollary 2.2 In addition to (1.3) and (1.4), assume that (2.1) and (2.3) hold.
Then all bounded solutions of (1.1) are oscillatory.

Now we prove the following result.

Theorem 2.3 Let (1.3) and (1.4) hold and assume that

lim —2 =0
uﬁof(ua)

If

Page 4 of 17
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where B is defined as in (1.7), then all bounded solutions of (1.1) are oscillatory.

Proof Let x be a nonoscillatory bounded solution of (1.1). Without loss of generality
assume that z is positive. Since z satisfies Case (II) in the proof of Theorem 2.1, we
have (2.6). Integrating (1.1) from g(¢) to ¢t and using (1.4) along with (2.6) yields

t t

q(s)f(x[g(s)])As > f(L§x[9(t)])/ q(s)f(B(g(t), 9(s)))As.

Lgx =
o(t)] > / B

g(t)

1
By dividing the above inequality by f(Ls x[g(t)]) and taking the limsup of both
sides of the resulting inequality as t — oo, we obtain a contradiction. The proof is

now complete. ]

We now consider a special case of equation (1.1) of the form

1 o AA
(a@) (m%))) T ()2 [gle)] = 0, (27)

where [ is a ratio of two odd positive integers, and obtain some oscillatory criteria.

Theorem 2.4 Let o > 3 and assume that

/ " 4(5) AP (9(s). F0) As = o (2.8)
and

/ " 4(5)BP (g(s). to)As = o0, (2.9)

where A and B are defined as in (1.6) and (1.7), respectively. Then (2.7) is oscil-
latory.

Proof Let x be a nonoscillatory solution of (2.7). Without loss of generality, assume
that x is positive. We consider two cases as we did in the proof of Theorem 2.1.
(I) Assume that Liz(t) > 0 and Lox(t) > 0 for ¢t > t1. Using (2.4) in (2.7), we

have
—Lyx(t) = q(t)z"[g(t)] = q(t)Aﬂ(g(t),tl)ngx[g(t)], g(t) € [t2,00)7.

Integrating the above inequality from g(t) to u and letting u — oo, we obtain

Ly *alg0) > | : a() 4% (g(s), 1) b,

Since « > f and the right hand side of the above inequality is infinity by (2.8),
we obtain a contradiction to the facts that Loz is positive and nondecreasing.
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(IT) Assume that Lyz(t) < 0, Lox(t) > 0 for ¢t > t;. Then we have (2.6). Using
(2.6) in (2.7), for (g(t),g(s)) € [g(s),00)T X [t1,00)T, We have

—Lalg(t)] = ¢(H)2°[g(t)] > a(t) B (g(t), 9(s)) L5 x[g(t)].

Integrating the above inequality from g(t) to u and letting u — oo, we obtain

oo

L elg0) 2 [ a8 o), 0)8s

Since « > f and the right hand side of the above inequality is infinity by (2.9),
we obtain a contradiction to the facts that Lox is positive and nondecreasing.
O

3 Oscillation Criteria for (1.2)
In this section, we investigate some oscillation criteria for solutions of the third-order
delay equation (1.2).

Theorem 3.1 Let (1.3) - (1.5) and (2.1) hold. Also assume that

h(u®)

u

>b>0 (3.1)

foru# 0 and a constant b. If for t € [ty, 00)T

k(t)

ti sup /t o(s)h(A((s), k(1)) As > % (3.2)
and
tim sup | | TS B0, )8 > s (3.3)

where A and B are defined as in (1.6) and (1.7), respectively, then (1.2) is oscilla-
tory.

Proof Let x be an eventually positive solution of (1.2). Then Lsx(t) > 0 eventu-
ally and so Liz(t) and Lox(t) are eventually of one sign. We now distinguish the
following two cases:

(I) Lyz(t) > 0 and Lox(t) > 0 eventually;

(IT) Liz(t) > 0 and Lox(t) < 0 eventually.

(I) Assume that Liz(t) > 0 and Lox(t) > 0 for ¢ € [t1,00)r. Then we have

/ Lox(T)AT = Lix(t) — Liz(s) < Liz(t), (t,s) € [s,00)1 X [t1,00)T.

Since Loz is nondecreasing, we have

Lix(t) > (t — s)Lax(s), (t,s) € [s,00)T X [t1,00)T.
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This implies that
2 (t) > aé(t)(t - s)éLéx(s), (t,8) € [s,00)T X [t1,00)T.

Integrating both sides of the above inequality from s to ¢, we have

x(t)z/ a® (u)(u— 8)* Ly a(s)Au, (t,8) € [5,00)r X [t1,00)1

2(t) > A(t, $)L3 2(s), (t,s) € [s,00)1 X [t1,00)r,

where A is defined as in (1.6). Then

alk(7)] > A(k(r), K() LE e[k(1)],  (k(t),7.1) € [r,00)7 X [t 00} X [t1,00)r.

Using the above inequality and (1.5) in (1.2), we have
1
Lax(r) = p(r)h(z[k(T)]) 2 p(T)R(A(K(7T), k(1)) h(L3 2[k(1)])-
Integrating both sides of the above inequality from ¢ to k(t), we get

Lzlx[k(t)]

k(b)
MO / p(r)R(A(K(r), k(1)) Ar.
WL alk(p)

Taking the lim sup of both sides of the above inequality as ¢ — oo, we obtain
a contradiction to (3.1).
Assume that Lyz(t) > 0 and Lox(t) < 0 for ¢ € [ta, 00)1. Then we have

/t Low(u)Au = Lyz(t) — Lyx(s),  (t,5) € [s,00)p X [t1, 00)1.
Since Loz is nondecreasing, we have

2 (s) > —aé(s)(t — s)éLéx(t), (t,s) € [s,00)T X [t1,00)T.
Integrating both sides of the above inequality from ¢; to ¢, we have

o(t) > —B(t,t) L5 a(t), t€ [t1,00)r,

where B is defined as in (1.7). This implies that there exists a to € [t1,00)1
such that

2lg(t)] = —Blg(t),t1) L3 alg(t)], g(t) € [tr, 00)r. (3.4)

Using the above inequality and (1.4) in (1.2), we have

Lya(t) > q(t)f(xlg(t)]) > a(t) F(Blg(t), 1)) f(~LF 2lg(0))).
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Integrating both sides of the above inequality from g(t) to ¢, we find

—Loz[g(t)]

& > / a(3)/ (Blg(s), 1)) As.
F(-Lialg))

()

Taking the lim sup of both sides of the above inequality as t — 0o, we obtain
a contradiction to (2.1). The proof is complete.

O
Theorem 3.2 Assume that
() gy >0, (3.5)
u
and
= o . <o, (3.6)
u
for uw # 0 and constants by and c1. If
k(t) s pu > 1
limsup/ (a(s)/ / p(r)ArAu) As > — (3.7
t—o00 t t t bl
and
. < “ 1
lim sup B(g(t), to) (/ q(s)As> > —, (3.8)
t—o00 t C1

where B is defined as in (1.7), respectively, then (1.2) is oscillatory.

Proof Let  be an eventually positive solution of (1.2). As in the proof of Theorem
3.1 we have two cases to consider.
(I) Assume that Liz(t) > 0 and Loz (t) > 0 for t € [t1,00)r. Integrating (1.2)
from ¢t to s; yields

s1
Laa(s) = halk(0)]) [ p(s)ss.
t
Integrating the above inequality from ¢ to sy € [s1, 00)T gives

3 (52) > W k(0 [als2)]* ( I p(s)AsAsl) g

Again integrating the above inequality from ¢ to k(¢) we find

2(k(t)) > b (2[k()]) /t o <a(32) /t * /t Slp(s)AsAsl)}lASQ.

Finally, dividing the above inequality by hi(x(k(t))) and taking the lim sup
of both sides of the above inequality as t — 0o, we obtain a contradiction to
(3.5).
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(II) Assume that Lyz(t) > 0 and Loz(t) < 0 for ¢ € [t1,00)r. Integrating

Ly (t) > q(t) f(z[g(1)])

from t to co we have
~Laa(t) 2 J(alg(o)]) | a(9)s.

Using (3.4) along with the above inequality, we have

Q=

elg(t)] > Blg(t), 1) (f(w[g(t)}) / h q(s)As)

Dividing the above inequality by f i(a:[g(t)]) and taking the lim sup of both
sides of the resulting inequality as ¢ — oo, we obtain a contradiction to (3.6).
The proof is complete.

O

4 Examples
In this section we give examples to illustrate two of our main results. Recall

Theorem 4.1  [1, Theorem 1.75] If f € Crq and t € T", then

Theorem 4.2  [1, Theorem 1.79 (ii)] If [a,b] consists of only isolated points and
a < b, then

[ roar= 3 utvse.

t€la,b)

Our first example illustrates Theorem 2.1.

Example 4.3 Consider the third-order delay dynamic equation

(a(lt) (xA(t))a>AA + q(t)z® (;) =0 (4.1)

wheret € T =3 Hereaw = 1, q(t) = 3+(—1)ws, g(t) = £, and a(u) = f(u) = u®.
Observe that if t € T, then

2, nodd

4, n even.

Page 9 of 17
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First we show that (1.3) holds. If s =3™ and t = 3", m,n € Ny, we have

t p(3™) gn—t

0o B é B B ) -
/1 a ()As tliglo (s)As = nl;n;oz s(3s—s) = "121;02125 = o0.

1

It is clear that f belongs to C(R,R), is nondecreasing for x # 0, and satisfies
xf(x) >0 for x #0 and (1.4). Also, (2.1) holds since

M:E:1:c>0, u # 0.
u u

Observe that if u = 3* and s = 3™ for k,m € Ny, then

) m— m—2
A(g(s), ) =2 > w’(u—1)° Z =2 3*EF-1)%
u=1 k=0 k=1

Note 3 —1 > 1 for k € N. Hence

m—2
Ag(s),1) > 2 Z 32k 5 9. 32(77172)7
k=1

and since f is nondecreasing and q(t) > 2 on T, we obtain
a(s)/((A(g(s),1))) = 25352

It follows that if t € [1,00)7

¢ 3n !
limsup/ q(s)f(A(g(s),t0))As > limsupz2%3§("_2)2s
t—o0 g(t) n—00 s=7§‘
n—1
= 23 lim sup Z 33(n=2)gm
n— oo m=n—1
> 1,

and so (2.2) holds. It remains to show that (2.3) holds fort € [1,00)r. This requires

that we determine B(g(t), g(s)). Using the above representations of u, s,t, we have
B(g( Z 2k: 3n 1 3/(:)3 > 9. 32(77,72) (37171 _ 3n72)3 .

The monotonicity of f and the fact that q(t) > 2 on T yield

a(5)F(Blg(t), g(s))) > 23 - 332 (3771 —377%) = 28 . 330072,
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Therefore
t o 3t
timsup [ g(s)(Blo0)g(6)As > lmsup2 3502 Y ()
t—o0 % n— 00 g=3n—1

-1

= limsupQ% .33(n=2)
=n—1

m

> 1,

which shows that (2.3) holds. By Theorem 2.1, (4.1) is oscillatory.

Our second example illustrates Theorem 3.2.

Example 4.4 Consider the third-order advanced dynamic equation

a(t

where o is the ratio of two positive odd integers and t € T = ¢o, ¢ > 1. Here

Int
“« Tt (=1
alt) = (Ghy) » alt) = TEER p(t) =t 9(0) = L k() =
¢*t, and h(u) = f(u) = u®. Then
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and so (3.5) and (3.6) hold. Next we show that (3.7) holds. For t € [1,00)1, we
have

i [ (o) [ [ Mu) As
lm[/ (st [ [ Mu) M/ o [ [ o Mu) As

e (oo [ s
=t [ﬂ (s | rmem)” o (son [ [ v
( / / Mu)

l T——
( Mu)

o(t)
~ limsup u(oQ(t))(a(Uz(t)))"<u(t) / p(r) A + (o (1)) / p(r)Ar)

t—o00

= limsup [1(0*(£)) (a(0*($))) * (u(o () u(tp(t)* |

t—o0

. [ 2 1 q 1
= limsu — 1@t (g—1)= (qt?)* }
msup _(q )¢’ (g —1)= (qt?) @Dt iigq _1F

= lim sup [q%]

t—o0

= qé > 1.
Since q(t) > 0 for allt € T, we have
oo o(t) - q
| a@asz [ aas = utat) = 5 1+ (k> Lo
t t

This implies

s Blg(0) o) ([ als)s)
t—o00 t
q g . @ 1 t a
> () hmsup/ a= (u) ( — u) Au
qg—1 t—oo J1 q
1 n—2 1
q \°.. q " B\ ok
= | — lim sup (—Q> q"(g—1
(ql) n—00 zz:(qfl)q’c q (=1

x n—2 n =
=gq <q> lim sup Z (q — qk>
g—1 n—oo 0 q
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Thus (3.8) holds. By Theorem 3.2, (4.2) is oscillatory.
5 Discussion

While we were able to unify most results for (1.1) given in [3] and [4], the compar-

ison result

Theorem Let (1.3) — (1.4) hold. If the first-order delay dynamic equations

yA (1) + a(0) (Alg(t),t0) £ (= [9(0)]) = 0 (5.1)
and
0 +af (5 (72 0w) ) 7 ([ 20)) =0 (5.2
are oscillatory, then (1.1) is oscillatory.
cannot be extended since —G—Tg(t) € T is satisfied for few time scales. While the

result holds for T = R and T = Z, this condition is not satisfied on ¢V, ¢ > 1.
Being aware that time scales are not generally closed under addition, we were able
to prove the following:

Theorem 5.1 Let (1.3) — (1.4) hold. Furthermore, assume the delay function
g: T — T is a bijection. If the first-order delay dynamic equations

YA (1) +a(t)f (Alg(t),t0)) £ (y* [9(1)]) = 0 (5.3)

and

A +qt) f (B <t+29(t),g(t)>) f (zi [Hg(t)D =0 (5.4)

are oscillatory, where (t + g(t))/2 € T, then (1.1) is oscillatory.

In order to prove Theorem 5.1, it is necessary to define the function F : [tg, 0o) X
[0,00) — [0, 00) to be a nondecreasing function with respect to its second argument
and with the property that F(.,z(.)) € Ciq ([to,o0)r, [0,00)) for any function z €
Cra([to, 00)T, [0,00)). It is also necessary to assume that 7 : T — T is a bijection
with 7(¢) < t for all t € T and tligloT (t) = oo, and to use the following definition
and theorem.

Definition 5.2 Let t; € [tg,00)1. By a solution of the dynamic inequality
y> () + F (ty[r(1)]) <0 (5.5)

on an interval [t1,00)T, we mean a rd-continuous function y defined on the interval
[T (t1),00)T, which is rd-continuously differentiable on [t1,00)T and satisfies (5.5)
for allt € [ty,00). A solution y of (5.5) is said to be positive if y (t) > 0 for every
te [T (ﬁl),OO)T.

Page 13 of 17
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Theorem 5.3 Let y be a positive solution on an interval [t1,00)T, t1 > to of the
delay dynamic inequality (5.5). Moreover, we assume that F is positive on any set
of the form [t,7~! (t)]ﬂ‘ x (0,00), t € [t1,00)1. Then there exists a positive solution

x on [t7(t1),00)r of the delay dynamic equation

2 )+ F(t,x[r(t)])=0 (5.6)
such that
et =0

and
x (t) <y (t) for everyt € [t1,00)T.

Proof Let y be a positive solution (5.5). From (5.5) we obtain for all ¢, t € T with
t>t>t

v =50+ [ Floulr@)as> [ Flyire)as (5.7)
Hence, letting ¢ — oo we get
y(t) > /t T F (s, (5)]) As for every ¢ € [t1, 00). (5.8)

Let X be the set of all nonnegative continuous functions x on the interval [¢1, 00)t
with z (t) < y (¢) for every ¢ > t1. Then by using (5.8) we can easily verify that for

any function x in X the formula

jfoF(s,w [T (s)]) As, te[r " (t),o0)

(Sz) (t) = o ()
[ F(s,x[r(s)]) As+ { F(s,y[r(s)])As, t € [ty, 77" (t1) )g

T 1(t1)

defines an operator S : X — X. If 21,29 € X and 1 (t) < 22 (t) for ¢ € [t1,00)T,
then we also have (Sz1) (t) < (Sz2)(t) for t € [t1,00)T since F' is nondecreasing
with respect to its second argument. Thus, the operator S is monotone. Next, we
put

ro=y, andz, =S8r,_1, v=12 .

and observe that {z,},_,,, is a decreasing sequence of functions in X. Further-

more, define

x = lim x, pointwise on [t1,00)T.
V—r00
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Then by applying the Lebesgue dominated convergence theorem, we obtain z = Sx.
That is

:fOF (5,2 [ (s)]) As it [r (t),00)p

z(t) = 0o T (t1)
71]( ) F(s,x[r(s)]) As+ _tf F(s,y[r(s)])As iftet,, 7 (t1))r

(5.9)
From (5.9) it follows that
22 () + F(t,z[r(t)]) =0 for all t € [t~ (1), 00)r
and hence z is a solution of (5.6) on the interval ¢ € [771 (1), 00)r. Also (5.9) yields
tlg(r}osc (t) =0.

Moreover, it is clear that x (t) < y (¢) for t € [t1,00)7. It remains to prove that x
is positive on the interval [t;,00). Taking into account that y is positive on the
interval [7 (t1),00)r and the positivity of F' on [t;, 77! (t1)]1 x (0,00) we have

1 (t1)
:U(t)z/t Fs,y[r (s)]) As > 0

for each t € [t1,771 (t1))r. So, z is positive on an interval [t;,7 1 (¢1))r. Next we
will show that z is also positive on [771 (¢1),00)r. Assume that  is the first zero of
zin [771 (t1),00)7. Then z(t) > 0 for t € [t~ (t1),?)r, and z (ﬂ = 0. Then (5.9)
yields

0=z (t) :[wp(s,x[T(s)])As
i
and consequently
F (s,x [ (s)]) = 0 for all s € [£,00)r.
That is, we can choose a t* € [t, 77! (Q)T such that
F(t*,x[r(t")]) =0.

On the other hand, taking into account that z(t) > 0 for ¢ € [r~* (t;), %)t and the
positivity of F' on [tA, 71 (ah‘ x (0,00) we get

F(t*, 27 (t)]) > 0.

This leads to a contradiction and the proof is complete. O
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Note that Theorem 5.3 holds for any unbounded time scale T. Now we present
the proof of Theorem 5.1.

Proof Let x be an eventually positive solution of (1.1). We consider two cases as
we did in the proof of Theorem 2.1.
(I) Assume that Lyz(t) > 0 and Laxz(t) > 0 for t € [t1,00)r. Then (2.4) holds.
Using this and (1.4) in (1.1), we obtain

~L2a(t) = g(t)f(xlg(D)]) > q(t) F(Alg(D), 1) F(LF lg(t)]). 1 € [t2, 00}

y2(8) + a(t) F(A(g(8),00)) Fy=[9(D)]) <O, t€ [t,00)r,

where y(t) := Lox(t) for ¢t € [ta,00)T. Since Lox(t) > 0 for all t € [tg,00)
and A(g(¢t),t1) > 0 for all ¢t € [t1,00), by Theorem 5.3, there exists a positive
solution z of (5.3) such that tl_lglo z(t) = 0, which contradicts the hypotheses
that (5.3) is oscillatory.

(II) Assume that Liz(t) < 0 and Laxz(t) > 0 for ¢ > 1. As in the proof of Theorem
2.1, we have (2.5). Then for ¢ € [t1,00)T, we have

elg(t)] > B (t +2‘Q(t)7g(t)> Lis (t +29(t)) .

Using this inequality and (1.4) in (1.1) for ¢ € [¢1, 00)r yields

13200 = a2 a7 (5 (5 %00) ) 1 (142|770

AW > gt <B <t +29(t) 7g(t)>> ! (Z; FJrzg(t)D ’

where z(t) := Lox(t) for t € [t1,00)r. Similar to Case (I) above, by Theorem

5.3, there exists a positive solution y of (5.4) such that tlim y(t) = 0, which
—00

contradicts the fact that (5.4) is oscillatory.

or

O

In [3] and [4], the authors prove a comparison result for (1.2) similar to the one

given at the beginning of this section. That result involved % Again, since time

scales are not generally closed under addition, this result cannot be extended to a
general time scale T.
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