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1 Introduction

In this paper, we investigate three dimensional dynamical systems with delays of the

form
22(t) = a(®) fy(7(2)),
y2(t) = b(t)g(2(r(1))), (1)
Z2(t) = Ae(t)h(z(r(1)),
on a time scale T, i.e, a closed subset of real numbers, 7 : T — T is a rd-continuous
function such that 7(¢) < ¢, tl_l)rgo T(t) = 00, A = £1, a,b: T — [0,00) (not identically

zero) and ¢: T — (0, 00) are rd-continuous functions such that

/00 a(s)As = /‘00 b(s)As =00, T €T (2)

Jr T
and f,g,h: R+— R are continuous functions satisfying

uf(u) >0, wug(u)>0, and uh(u)>0 forus0. (3)
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Here, we would like to indicate that none of the functions f, g and h are assumed to be
monotone. Sometimes we will assume that functions f, g and h satisfy

Fw) o) hu)
B, ~ " B 2O By

where F, GG, H are positive constants and @, ®5 and &, are odd power functions, i.e.

>H forallus0, 4)

®p(u) = |ufPsgnu (p>0), pe{ab v}

This paper is motivated by the papers [1,2,6]. In [1], the special case of system (1)
has been considered in which f(u) = u®, glu) = ¥#, hu) = uY, 7(t) = t, A = —1,
and o, 8,7 are ratios of odd positive integers. In [2], system (1) is considered without
delays. The continuous version of a system similar to system (1) without delays in [5]
and the discrete version of a system similar to system (1) with delays in [6, 7] have
been considered. The results in [8] are the discrete version of these in [1]. It is worth
mentioning that our results not only improve results in [6] but also are new in the discrete
case.

The main purpose of this paper is to investigate oscillatory and asymptotic behaviour
of solutions of system (1). The set up in this paper is as follows: In Section 2, we give
preliminary results including some asymptotic behaviour of the solutions of system (1).
In Sections 3 and 4, we obtain almost oscillation criteria for solutions of system (1) when
A= —1and A = 1, respectively.

Here, we consider only unbounded time scales. For an excellent introduction to time
scales we refer the interested reader to the books [3,4].

A proper solution of system (1) is said to be oscillatory if all its components z,y, z
are oscillatory. System (1) with A = 1 is said to be almost oscillatory if every solution
(z,y,2) of system (1) is either oscillatory or

Jim [ 2(t) [= lim [ y(t) |= lim | 2(¢) |= co. (5)
System (1) with A = —1 is said to be almost oscillatory if every solution (z,y, z) of

system (1) is either oscillatory or

lim z(t) = tll)rgo y(t) = tl_lgloz(t) =0. (6)

t—co

It is necessary to use the following remark in the further sections in order to obtain a
contradiction.

Remark 1.1 (See [1]) Let a,c € Cpg(T,RT) such that [° ¢(s)As < co. Then

/Too aft) (/:o C(S)As> At = /TOO c(t) (/Ta(t) a(s)As> At.

2 Preliminaries

In this section, we investigate asymptotic behaviour of solutions of system (1) so that we
will be able to obtain almost oscillatory systems. The next two results hold regardless if
A = £1. In the following subsections, we will classify nonoscillatory solutions of system
(1) when A =1 and A = —1, respectively.
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Lemma 2.1 Assume that condition (3) holds. Let (z,y,2) be a solution of system
(1) and let x(t) be nonoscillatory for t > to, to € T. Then (z,vy, 2) is nonoscillatory and
z,y,z are monotonic for sufficiently large t.

Proof. Let (z,v,2) be a solution of system (1) such that z(¢) is nonoscillatory for
t > to. Then we assume that z(7(¢t)) > 0 for t > t1 > to, t1 € T. By the third
equation of system (1), we have 22(t) > 0 or 2z2(t) < 0, t > t; > to. This implies
that z(t) is monotonic for t > t; > tg and eventually of one sign for t > #;. Let
z(t) > 0, z(7(t)) > 0 for t >ty > t1, to € T. Therefore from the second equation of
system (1), y(t) is monotonic for ¢ > t5 > t; and eventually of one sign for ¢ > t, > ;.
Let y(7(¢)) > 0 for t > t3 > ty. Similarly, we obtain that x(t) is monotonic for t > t3 > #g
from the first equation of system (1). Therefore (z,y,2) is nonoscillatory.

Lemma 2.2 Assume that conditions (2) and (3) hold. Let (z,y,2) be a nonoscilla-
tory solution of system (1) such that tl_i)m z(t) is finite, then

tll)nolo y(t) = th——}& #(t) =0,

Proof. Assume that (z,y,z) is a nonoscillatory solution of system (1) such that
the limit of z is finite. By Lemma 2.1, ¥ is monotonic and hence the limit of ¢ exists.
For the sake of contradiction suppose that the limit of y is positive. Therefore, y(t) >
0 for large t. Then there exists t; > tg, t1 € T such that

y(r(t)) >0, 7(t) = t.
From (3), there exist a positive constant K and ¢ € T, t; > t; such that
Fly(r@) > K, 7(t) > ta.
Thus, from the first equation of system (1), we have
z2(t) = a)f (1) > a(K >0, 7(t) > ta.

Integrating the above inequality from t; to t, we get

z(t) > z(ta) + K ta(s)As.

ta

It follows from (2) that

th—igog“(t) =%

but this gives us a contradiction. In the case the limit of v is negative, the proof is similar
and hence omitted. Therefore, we get

th—}gj y(t) =0.
Similarly one can show that
lim z(t) =0
t—yo0

by using the second equation of system (1). So this completes the proof.
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2.1  Preliminaries when A =1

In this subscction, we will investigate asymptotic behaviour of solutions of system (1)
when A = 1. )

Lemma 2.3 Let conditions (2) and (3) hold. Assume that (z,y,z) is a nonoscilla-
tory solution of system (1) with A\ = 1 for large t and let
Type (a): sgna(t) = sgny(t) = sgn=(2),
Type (¢):  sgnz(t) = sgny(t) # sgn z(t).
Then every nonoscillatory solution of system (1) with A = 1 is of either Type (a) or Type

(c).

Proof. Let (z,y,z) be a nonoscillatory solution of system (1). Without loss of
generality, we assume that z(¢) > 0 and z(7(¢)) > 0 for t > tg, to € T. By Lemma 2.1,
both y and z are monotonic. Therefore they are eventually of one sign. First let z(¢) > 0
and z(7(t)) > 0 for ¢t > ¢5. Suppose y(¢) < 0 for ¢ > to. Since y is increasing, y(v(¢)) < 0
for ¢ > tp. Since z is increasing, there exist t; € T and L > 0 such that

gr®) > L, (1) >t G
Using (7) and the second equation of system (1) yields

yR) = bg(=(r(®) > Lo(®), 7(t) = ta.

If we integrate the above inequality from ¢; to t, we obtain

y(t) > y(t) + L/t b(s)As.

i1

By (2), y(t) = oo as t — 00, which is a contradiction with the negativity of y. Therefore
this case is not possible and so (z,y, #) is of Type (a).

Now let z(t) < 0 for t > to. Since # is increasing, z(7(t)) < 0, t > ¢5. Suppose that
y(t) <0, y(7(t)) < 0 for large t. Then there exist t; > to, t1 € T and v < 0 such that

FlyTE)) v, 7(8) 2t (®)

We claim that v = 0. Assume that v < 0 and we will show that this leads to a contra-
diction. Using (8) and the first equation of system (1) yields

22 = W) f (7)) Sval®), T() =t

Integrating the last inequality from t; to ¢, we obtain

2(8) < 5(t) + v / a(s)As.

i1
By (2), we get z(t) - —oco0 as t — oo, which is a contradiction with the positivity of z.
Therefore this case is not possible and so (z,y, 2) is of Type (c).

The proof for the case when z(t) < 0 for large ¢ is analogous.
Solutions of Type (a) are sometimes called strongly monotone solutions (see, e.g. [5]).
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Lemma 2.4 Let conditions (2) and (3) hold. Any Type (a) solution (z,y,2) of
systemn, (1) with A = 1 satisfies

Jum, () 1= fm () |=co

Proof. Let (z,y,2) be a Type (a) solution of system (1). Then there exists tg € T
such that z(7(t)) > 0, y(r(¥)) > 0, and 2(7(t)) > 0 for £ > ty. Since y is eventually
increasing, there exist t1 > fp, t; € T and K > 0 such that f(y(7(t))) > K, 7(t) > t1.
From the first equation of system (1), we have

28(t) = a(t) fy(r(1)) = Ka(t), 7(t) = 4.

Integrating the above inequality from ¢, to ¢ yields

t
z(t) > z(t) + K | a(s)As, 7(t) = t1.
t1
The above inequality together with (2) implies that tlim 2(t) = co. Since z is eventually
—o0

increasing, there exist tp > t1, to € T and M > 0 such that g(2(7(¢))) > M, 7(t) > t».
From the second equation of system (1), we have

y3 (1) = b()g(2(r (1)) = Mb(t), 7(t) = ta.

Integrating the above inequality from ¢ to ¢ gives us

W() > y(t) + M /tb(s)As, ) > ta. (9)

t2

The above inequality together with (2) impliestlim y(t) = oo. This completes the proof.
—co

Lemma 2.5 Let (2) and (3) hold. Assume that (z,y,7) is a Type (c) solution of
system (1) with A =1. Then
im 2(t) =0.

t—o0

Proof. Assume that (z,y,2) is a Type (c) solution of system (1). Without loss of
generality, assume that <(7(t)) > 0 for t > to, to € T. Then y(t) > 0, 2(t) <0, t > to.
Since z is increasing, tli)nl z(t) < 0. Suppose that tlim z(t) < 0. Then there exist t1 > to,

o —
t1 € T and S < 0 such that g(2(7(t))) < S, 7(t) > ¢1. Integrating the second equation of
system (1) from ¢; to ¢, we have

v <yt +5 [ b)ds, (8 > b

131

and therefore (2) implies that tli_}n y(t) = —oco. But this contradicts the fact that y{t) >0
le o]
for t > ty. Therefore, tlim z(t) = 0. This completes the proof.
—o0
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2.2 Preliminaries when A = -1
In this subsection, we will investigate the asymptotic behaviour of solutions of system
(1) when A = —1.

Lemma 2.6 Let conditions (2) and (3) hold. Then any nonoscillatory solution
{z,y,2) of system (1) with A = —1 is one of the following types:

Type (a):  sgna(t) = sgny(t) = sgnz(t) for larget;
Type (b):  sgnaz(t) = sgnz(t) # sgny(t) for larget.

Proof. Let (z,y,2z) be a nonoscillatory solution of system (1). Without loss of
generality, we assume that z(t) > 0, 2(7(¢)) > 0 for t > tg. By Lemma 2.1, both y and
z are monotonic and they are eventually of one sign. We now show that z cannot be
negative. Suppose that z(t) < 0 for ¢ > #o to obtain a contradiction. Then there exists

t1 > to, t1 € T such that z(7(¢t)) < 0 for 7(¢) > t1. Then theve exist t2 € T, t5 > £; and
a constant d < 0 such that

gla(r(®)) < d, 7(t) = ta. (10)

We claim that d = 0. Assume that d < 0 and we will show that this leads to a contra-
diction. If we use (10) together with the second equation of system (1), we obtain

y2) = bt)gle(r(t)) < db(t), T(t) = ta.
Integrating the above inequality from ¢ to t, we get
¢
y(t) < ylte) +d | b(s)As.

to

In view of (2), y(t) — —oo as t — oo. Therefore, there exist t3 € T, t3 > t; and a
negative constant v such that

y(r(®) <o, 7(t) > ts. (11)
From (3) and (11), there exist K < 0 and ¢4 € T, t4 > ¢3 such that
(@) < K, () = ta. (12)
Using (12) together with the first equation of system (1), we obtain
z2(t) = a®)f(y(r(t) < Kalt), 7(t) > ta.

If we integrate the last inequality from t4 to t, we get

z(t) <z{ta) + K t a(s)As.

By (2), we have z(t) — —oco as t = oo, but this contradicts the fact that z(t) > 0 for all
t > tp. This implies that z(t) > 0 for all ¢ > ¢o.
One can show the proof similarly for the case when z(t) < 0 eventually for ¢ > ;.
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Lemma 2.7 Let conditions (2) and (3) hold. Assume (z,y,2) is a Type (b) solution
of system (1) with A = —1. Then

Ayl = g A0 =0

Proof. Assume (z,y,z) is a Type (b) solution of system (1) such that z(t) > 0,
y(t) < 0, z(t) > 0, z(7(t)) > 0 for t > tg, to € T. Since y(t) is increasing, we have
flim y(t) < 0. Assume tli}n y(t) # 0. Then there exist t1 > ¢ and a constant L, < 0 such

that y(7(t)) < L for 7(¢) > t;. From (3), there exists K < 0 such that
fr@) < K, () 2t (13)

Integrating the first equation of system (1) from £; to ¢ and using (13), we have

t
z(t) <z(t)+ K | a(s)hs, T(t) >t
ty
and so (2) implies tlim #{t) = —oco. This contradicts the positivity of & and therefore
—>00
lim y(t) = 0. In a similar way, we can show that lim 2(¢) = 0.
t—o0 t—roo

In the next two sections, we will obtain almost oscillation criteria for system (1).

3 Almost Oscillatory System (1) When A = -1

The next two results in this section are new in the discrete case and can be found in [ [2],
Theorem 4.1, Theorem 4.2 and Theorem 4.3.] without delays.

Theorem 3.1 Let conditions (2) and (3) hold. Assume

o
/ (s)As =00, Te€eT. (14)
T
Then system (1) with A = —1 1s almost oscillatory.

Proof. Assume (z,y,2) is a nonoscillatory solution of system (1). By Lemma 2.6,
nonoscillatory solutions are of either Type (a) or Type (b). Assume (z,,2) is a Type
(a) solution. Without loss of generality, assume that there exists tg € T such that
z(t) > 0, z(7(t)) > 0, y(t) > 0, y(v(¥)) > 0, and 2(t) > 0 for t > to. Since z(t) is
eventually increasing, there exist L > 0 and ¢ > o such that z{7(¢)) > L for 7(¢) > #;.
From (3), there exist K > 0 and t5 € T, t5 > t; such that

hlz(r(t)) > K, 7(t) > ta. (15)

Integrating the third equation of system (1)} from ¢, to ¢t and using (15), we have

¢
2(t) > z(ta) + K | c(s)As, T(t) > ta,
tg
and so this implies that tlim 2{t) = co, which is a contradiction with the boundedness
—$00

of z. Therefore, (x,y,2) can not be a Type (a) solution. Therefore all nonoscillatory
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solutions are of Type (b). Without loss of generality, assume that there exists {g € T
such that z(t) > 0, y(t) < 0, y(v(t)) < 0, 2(t) > 0, t > to. By Lemma 2.7, we have
lim y(¢) = lim z(¢) = 0. So it is enough to show that lim z(¢) = 0. Since = is eventually
i—oo 00 t—o0
decreasing, there exists t1 > #p such that tl_i)m z(t) = M > 0, t > t;. Therefore there
©C

exists to > ¢y such that z(v(t)) > M, 7(t) > tz. By (3), there exist K > 0 and t3 > {9
such that

hz(r(t)) > K, 7(t) > t3. (16)
Integrating the third equation of system (1) from t3 to t and using (16), we get

A0 <2(00) < K [ olo)s )2 1

and as t —» oo, we get a contradiction with the boundedness of z. So thm z(t) = 0. This
—rCO

completes the proof.

Example 3.1 Let T = Z. Then we consider the following system

Amn = anf(yn—l),
Ayn = b‘ng(zn—l)7 (17)
Azn = )\Cuh(yn~l)>

where [ is a given positive integer and A = —1. Here a,, b, : Ny, = Ry U{0}, ¢, 1 Ny, —

R such that
(oo} o0
Z Uy = Z b, = 00, (18)
n=1

n=1

where ng € N= {1,2,...}, Ry is the set of positive real numbers, Also f,g,h: R — R
are continuous functions satisfying (3). If

o0
e = 00, (19)
1

=

then system (17) with A = —1 is almost oscillatory by Theorem 3.1.

For the next two theorems, we assume that
yoe]
/ c(s)As < oo, TeT. (20)
Jr

Theorem 3.2 Let A = —1 in system (1), Assume condition (3) holds and there exist
positive constants F, G, w, B such that

) L p 9w

" D) > G for smallu # 0. (21)

If
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or
¢

/OO a(t) ./T’OO b(s) (/Too c(v)Av)ﬁ As)] As=oc0, TET, (23)

JT (t) (s)

then every nonoscillatory solution of system (1) that fulfils Type (b) satisfies tlim z(t) =
00
0.

Proof. Assume that (z,y,2) is a nonoscillatory solution of system (1) of Type (b).
Without loss of generality assume that z(t) > 0, y(t) < 0, y(7(¢)) < 0 and z(¢) >
0 for t > to. From the first equation of system (1), = is nonincreasing, and therefore z
has a nonnegative limit. Assume that thv_}l.}o 2(t) > 0. Then there exists ¢t1 > to such that

z(7{t)) = 0, 7(t) > t1. By (3), there exist t2 > t; and K > 0 such that
Me(r(t))) 2 K, 7(t) > to. (24)

Integrating the third equation of system (1) from 7(¢) to co and using (24), we obtain

OO

(1)) > K/m c(s)hs, T(t) > ta,

where we use Lemma 2.7. By (21) theve exist t3 > g, ¢35 € T and G > 0 such that

o

B
o(2(r(2)) > GK? ( / c(s)As> L r(t) > ts. (25)

(1)

Integrating the second equation of system (1) from 3 to ¢ and using (25), we obtain

¢
TORERTORY KOLCCONS
0o B
> y(ts) +GKﬂ / Av | As, 7T(t) > ts.
7(s)
If we assume (22), then we have hm y(t) = 00, but this contradicts the fact that
tl_am y(t) = 0. So hm z(t) = 0. Assumc (23). Integrating the second equation of system

(1) from 7(¢) to oo and using the fact that tl_l)m y(t) = 0 and (25), we obtain

[se) oo ﬂ
—y(r(t) > GKP / RS ( / ( )c(v)Av) As, T(t) > ta,

By (21), there exists F' > 0 such that

fly(r(®) < Fy*(r(t)

[e) e8] s
S _FGal{aﬂ / b(s) (/ C(’U)A‘U) As ; T(t) 2 t3.
(%) (s)
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Integrating the first equation of system (1) from ¢3 to t yields

£(t) - a(ts) = / a(8) (y(r(s)))As

't OO OO B
—FG“K“’”/ a(s) / b(v) </ c(n)An) Av| As, 7(t) 2 ts.

/iy (s) 7(v)

IA

This implies that flim z(t) = —oo, which is a contradiction by (23). This completes the
t—yco
proof,

Example 3.2 Let T = Z. Then we consider system (17) with A = —1. Assume there
exist positive constants F, G, ¢, f such that (21) holds. If

o0 [oe] H
Z bl < Z C.r> =
i=1 7 4

o= —

o oo oo e B\ “
Zai st<z c,) =00
i=1 s=i—1 r=s—1

holds, then every nonoscillatory solution of system (17) that fulfils Type (b) satisfies
Ll_i}n z(t) = 0 by Theorem 3.2.

Theorem 3.3 Assume conditions (2), (3) and (4) hold. Let afy < 1. If

./tmc(t) <./:(t)a,(s) (/j(s)b(v)m) As> At=oco, tiists€T,  (26)

then every nonoscillatory solution of system (1) with A = —1 is of Type (b). In addition,
if (22) holds, then system (1) is almost oscillatory.

Proof. Suppose that {z,y,2) is a nonoscillatory solution of system (1) with A = —1.
Then by Lemma 2.6, (z,y,2) is of either Type (a) or Type (b). Suppose that (z,y, z)
is & Type (a) solution. Without loss of generality, assume z(t) > 0, z(r(t)) > 0, y{t) >
0, y(r(t)) >0, z(t) > 0 for t > ¢y, to € T. Integrating the second equation of system (1)
from t1 > g, t1 € T to 7(¢) and using the positivity of y yield

()
y(T(t))Zy(T(t))—y(tl)z/ b(s)g(2(7(s)))As, 7(t) > ta.

11

By (8) and (4), there exist G > 0 and t3 > t1, tz € T such that
9(z(r(1)) = G2 (r(t)), T(t) = ta.

Therefore, we obtain

(t) (1)
y{r(®) > G/t b(s)2P(r(s))As > G t b(s)2P(s)As
7 (t) 1
> () / bs)ds, T(t) >t
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or
(t) @
V(b)) > G20 (1) / b(s)As |, () > b, 27)
i1

By (3), {4) and (27), there exist F' > 0 and t3 > ¢, t3 € T such that

() “
Fly(r(1)) 2 Fy*(r(1)) 2 FG*2*(1) (/t b(SMS) , T(t) Z ts. (28)
Integrating the first equation of system (1) from t3 > &3 to 7(¢) and using (28)
a(r(®) = =(r(t)) - 2(ts)
-7 (t)
= [ aerweenas

t3

(1) 7(s) “
> FG“/ a(s)z%?(s) </ b('u)A'u) As
t3 11
() (s) “
> FGeao() / o(s) / bw)AY | As, () > ts.
Jis t
or
7(®) 7(s) * 7
D(r(t)) > FIG 228 (5) / a(s) / b)Av | As| L () > s
ts #
By (3) and (4), there exist H > 0 and ¢4 > #3 such that
hz(r(t))) > Ha®(r(t)), 7(t) > ta4.
From the third equation of system (1), we have
=28t = c(t)h(z(r(t))
> He(t)z"(r(2)
7(2) 7(s) * 1
S FCHGY ()27 (1) / a(s) / b)Av | Asl L r() > ta
i3 11

Dividing both sides of the above inequality by 2%57(t), we have

LA T (t) r(s) « v
zuzﬂvég > F*HG*c(t) {/ts a(s) </t1 b(v)Av) As} . T(t) >ty

Integrating the above inequality from t4 to ¢ yields

'/t-t =228 Ay o paprgen /t c(p) {/;m a(s) (/;T(S) b(v)m>a >

. Zaby (t)
By [1], the left hand side of the above inequality is finite as t — 0o, but this contradicts
(26). Therefore, (z,y,z) can not be a Type (a) solution. So every nonoscillatory solution
of system (1) is of Type (b). This implies that tlim x(t) is finite. Then by Lemma 2.7,
—F o0

v

Ap, t> ta.

Jiy

we have lim y(t) = lim 2(¢) = 0. By Theorem 3.2, lim x(¢) = 0. So this completes the
¢ t—roo t—ro0 t—o0
proof.
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4 Almost Oscillatory System (1) when A =1
The last two results in this section are new for the discrete case.

Theorem 4.1 Let conditions (2), (3) and (14) hold. Then system (1) with A =1 is
almost oscillatory.

Proof. It follows from Lemma 2.3 that nonoscillatory solutions of system (1) are
either Type (a) or Type (c) solution of system (1). Assume that (z,y,2) is a Type (c)
solutions of system (1). Without loss of generality, assume that there exists g € T such
that z(t) > 0, z(r(¢)) > 0, y(t) > 0, y(v(t)) > 0, and z(¢) < 0 for ¢ > &;. Since z is
cventually increasing, there exist t; > g, t1 € T and L > 0 such that

Ma(r()) > L, () > 1. (29)

Integrating the third equation of system (1) from t; to ¢ and using (29) we get

t
2(t) > (1) +L/ o(s)hs, T(t) >t
t1
So (14) implies tlim z(t) = oo. This contradicts the assumptions on z. Therefore solutions
—oo

of system (1) can not be of Type (c). If (z,v, z) is a Type (a) solution, then from Lemma
2.4 and equation (14), we obtain (5). This completes the proof.
For the next two theorems, we assume that

/ c(s)As < oo, TeT.
Jr

Theorem 4.2 Let (2) and (3) hold. Assume that there exist positive constants F, H
and o,y such that

flw) F} qil(zg)

oo 7(r T(s o v
/t e(r) </t ( )a(s) </t )b(n)An) As) Ar =00, ft1,ta,t3€T. (31)

Then any Type (a) solution (z,y,2) of system (1) with A =1 satisfies (5).

> H  for large u # 0, (30)

and

Proof. Let (z,y,7z) be a Type (a) solution of system (1) such that 2(r(t)) >
0, y(v(¥)) > 0, z(v(t)) > 0 for t > tg. By (9), we have

t t
() > ylta) +M/ b(s) s > M/ b(s)As.
ta to
There exists t3 € T, £3 > tg such that
(1)
y(rE))y = M b(s)As, 7(t) > ts3,

t3
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and so

7 (t) “
Yo (r() > M </ b(s)As) ) >t (32)

i3
By (30), there exist t4 € T, 4 > t3 and F > 0 such that

()

Fy(r(8) = Fy*(r(t)) 2 FM* </t b(S)AS> () 2t (33)

3
where we used (32). Integrating the first equation of system (1) from ¢4 to ¢ and using
(33) yield

o®) 2 at) - alte) = [ als)Iwr(s)As

ty

o

13 (s)
F]\/["‘/t a(s) (/i b(n) > As, T(t) >ty

Then there exists t5 € T, t5 > t4 such that

Y
>
3

7(t) (s) @
2(r(t)) > FM© / a(s) < /t b(n)An> As, () > ts

ty

(1) (s) “ 7
2 (r(8) > FY M < /t a(s) < /t b(n)An> As>, () > ts.

Using the third equation of system (1), (30) and the above inequality, we have

22 = e(t)h(z(r())
> c(tyHz" (1(t))

B () 7(s) “ 7
FYMe(t) ( /t a(s) ( /t b(n)An> As> o) >t

Integrating the above inequality from ¢5 to ¢ we get

or

Y%

At > 2(t) - 2lts)
24 7(s) () « v
> pYMe /t o(s) ( /t a(n) < /t b(r)Ar) An> As, T(t) > ts.

So as t — 00, 2(t) — oo by (31). The proof is complete by Lemma 2.4,

Example 4.1 Let T = Z. Then we consider system (17) with A = 1. Assume condi-
tions (3) and (18) hold and there exist positive constants F, H, o, <y such that (30) holds.

i [eS] r—i—1 s—1-1 a\
Se(La(xn)) = 50
7=l s=1 n=1

then any Type (a) solution (z,y,2) of system (17) with A = 1 satisfies (5) by Theorem
4.2,
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Theorem 4.3 Let conditions (2), {3) hold and 8 < 1. Assume that there exist posi-
tive constants G, [ such that

g(u)
> 0
Dp(u) = G for largeu #£ 0, (35)
where g is an odd function, If
00 a{s)
/ e(s) / b(v)Av ) As=0c0, TEeT, (36)
T T

then every nonoscillatory solution of system (1) with A = 1 is a strongly monotone
solution. In addition, if (31) holds, then system (1) with A =1 is almost oscillatory.

Proof. Assume (z,y, z) is a Type (c¢) solution of system (1), Without loss of general-
ity, assume that there exists ¢g € T such that z(¢) > 0, z(7(¢)) > 0, y(t) > 0, y(r(t)) >
0, z(t) < 0, t > to. Since z is eventually increasing, from (3) there exist K > 0 and
t1 > to, t1 € T such that h{z(7(t))) > K, 7(t) > t1. By Lemma 2.5, tl_l}& z(t) = 0. Then

integrating the third cquation of system (1) from ¢ to oo yields
—z(t) = /t-oo c()h(z(r(s)))As > K /t'oo c(s)As.
From (35), there exist t5 > t1, t3 € T and G > 0 such that
o=#{r(0) > Ga(r(t))’ = G(—+(0) 2 GK [ elo)ds, 1)t (30)

Integrating the second equation of system (1) from ¢ to t, we have

vt

y(t) —y(tz) = [ b(s)g(2(r(s)))As

Jtg

or

y(t) +y(ts) = / b(s)g(~2(r(s))) As.

t2
Using (37), we have
"t ge's)
— () T ylts) 2 GK/ b(s) </ c(v)Av) As, 7(8) >t (38)
Jig /s
Using Remark 1.1 for (38), we get

ot o (8)
—y(t) +ylts) > GK | c(s) </ b(v)Av) As, T(t) > to.

Jig 12

As ¢t — oo and using (36), we get a contradiction with the boundedness of y. The second
part follows from Theorem 4.2.
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Example 4.2 Let T = Z. Then we consider system (17) with A = 1. Assume con-
ditions (3) and (18) hold and 8 < 1. There exist positive constants G, 8 such that (35)

holds. If z
> e (Z b) = 00, (39)
g=1 r=1

then every nonoscillatory solution of system (17) with A = 1 is a strongly monotone
solution. In addition, if (34) holds, then system (17) with A = 1 is almost oscillatory by
Theorem 4.3,

5 Conclusion

In this paper, we consider oscillation and asymptotic behaviour of solutions of system (1)
depending on A = +1. We conclude that system (1) with A = +1 is almost oscillatory,
independently of the nonlineriaties, if (14) holds. However, if (20) holds, then system
(1) is almost oscillatory depending on the sign of A and the types of nonlinearities.
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