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Abstract: In this article, we classify nonoscillatory solutions of a system of three-dimensional time scale systems. We
use the method of considering the sign of components of such solutions. Examples are given to highlight some of our

results. Moreover, the existence of such solutions is obtained by Knaster’s fixed point theorem.
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1. Introduction

We consider the system

z(t)) (1.1)

on a time scale T, i.e. a nonempty closed subset of real numbers, where a,b : T — [0,00) (not identically
zero) and ¢ : T — (0,00) are rd-continuous functions and f,g,h : R — R are continuous functions satisfying
uf(u) >0, ug(u) >0, and uwh(u) >0 for u # 0 and

h(w)
P,y (u)

f(u) > F 9() > G, >H forallu#0, (1.2)

KA
iy
£

where F,G, and H are positive constants and ®,(u) = |u|Psgnu, p > 0 and p € {«, 3,7} is an odd power
function. Here, we define rd-continuity as that it is continuous at right-dense points in T and its left-sided limits
exist at left-dense points in T. Throughout this paper, we consider only unbounded time scales. A solution
(z,y,z) defined on [tg,00) C T, to € T, is called proper provided sup {|z(s)|, [y(s)],|2(s)| : s € [t,00)} >
0 for ¢ > to. A proper solution of system (1.1) is called oscillatory if all of its components z,y, z are oscillatory,
i.e. neither eventually positive nor eventually negative. Otherwise, it is said to be nonoscillatory. It is so clear to
see that if one component of a solution (z,y, z) is eventually of one sign, then all its components are eventually

of one sign, see [3]. Therefore, nonoscillatory solutions have all components nonoscillatory.

*Correspondence: ozturko@mst.edu
2010 AMS Mathematics Subject Classification: 34C10; 34K11

2246

This work is licensed under a Creative Commons Attribution 4.0 International License.


https://orcid.org/0000-0001-6657-7409

AKIN et al./Turk J Math

For convenience let us set

is considered by Ak et al. in [2] when I, = I, = co holds and the oscillatory properties of the system are

investigated. After that, Akin et al. also consider the system

in [3] and classify the nonoscillatory solutions of the system above under the conditions (1.2) and I, = I, = co.
Specifically, [3, Theorem 4.3] shows us that every nonoscillatory solution of system (1.1) is a Kneser solution
when afvy < 1. The case a8y > 1 is left as an open problem in [3]. In this paper, we do not only solve the
open problem but also we remove the strict condition I, = I, = co. Consequently, we have to deal with four
types of nonoscillatory solutions instead of two. In addition to that, we obtain the existence of nonoscillatory
solutions of system (1.1) which is not studied in [3]. Some other versions of two and three dimensional time
scale systems and delay time—scale systems are considered in [1, 11-13], respectively. We also suggest [4] for
the continuous case, [7, 8, 10, 14] for the discrete case and the books [5, 6] by Bohner and Peterson about the
theory of time scales.

If (1.1) has a nonoscillatory solution (z,y, z), then there are four types of such a solution of (1.1), namely

Type (a): sgna(t) = sgny(t) = sgn =(t),
Type (b): sgna(t) = sgn=(t) # sgny(t),
Type (c): sgna(t) = sgny(t)  sgn =(),
Type (d): sgna(t) # sgny(t) = sgnz(t).

We eliminate nonoscillatory solutions of Types (a), (c), and (d) by integral conditions of a, b, and c¢. Elimination
is shown by single and double integrals in Section 2 and by triple integrals in Section 3. Section 3 is divided
into three subsections depending on af7y. The last section is about the existence of nonoscillatory solutions
and we also include two examples related with Type (b) solutions. In our proofs, we always assume that z is

eventually positive.

2. Elimination by single and double integrals

In this section, we obtain single and double integrals of the coefficient functions to eliminate nonoscillatory

solutions of Types (a), (c), and (d).

Theorem 2.1 Any nonoscillatory solution of system (1.1) cannot be of:
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(i) Type (a) if I. = oo;
(ii) Type (c) if I = c0;
(iif) Type (d) if I, = 0.

Proof The proof of (i) can be found in the proof of Theorem 4.1 in [3]. Hence, we only prove parts (ii) and (iii).
To prove (ii), suppose that (z,y, z) is a nonoscillatory solution of system (1.1) such that x(t),y(t) are positive
and z(t) is negative for ¢ > T', T € T. The positivity of x and the third equation of system (1.1) give us that
z(t) is nonincreasing for ¢ > T'. Hence, there exist Ty > T, T1 € T and ! < 0 such that g(2(¢)) <1 for ¢t > T;.
The integration of the second equation from 77 to t yield us
t t
y(t) —y(Ty) = b(s)g(z(s))As <1 | b(s)As, t>1T;.

T1 T
Thus, we have that y(t) diverges to negative infinity as ¢ tends to infinity, but then this contradicts with that
y(t) is positive for large t. Hence, this leads us to that (x,y,z) cannot be of Type (c).

To prove (iii), we now suppose that (z,y, z) is a nonoscillatory solution of system (1.1) such that z(t) is
positive, y(t) and z(t) are negative for ¢t > T', T' € T. The fact that z is eventually negative and the second
equation of system (1.1) give us that y(¢) is nonincreasing for ¢t > T'. Hence, there exist Ty > T, T} € T, and
1 <0 such that f(y(t)) <1 for t > T7.

Integrating the first equation of system (1.1) from 77 to ¢ and using the above inequality give

t t

z(t)—x(T1):/ a(s)f(y(s)As <1 [ a(s)As, t>Th.

Tl Tl

Then z(t) diverges to negative infinity as ¢ tends to infinity, but then this contradicts with z(t) > 0 for large
t. Hence, this implies that (z,y,z) cannot be of Type (d). O

The proof of (ii) of the following theorem can be found in the proof of Theorem 4.2 in [3].

Theorem 2.2 Any nonoscillatory solution of system (1.1) cannot be of

(i) Type (a) if
(ii) Type (c) if
/T Oo b(s) ( /T c(T)AT)B As = oo (2.2)

(iii) Type (d) if
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Proof Suppose that (z,y,z) is such a solution of system (1.1) claimed as in the assumption.
(i) We now show that (x,y,z) cannot be of Type (a). Assume that it is, then y(¢) > 0, z(¢) > 0 for

t > T. The positivity of z and the second equation of system (1.1) give us that y(t) is nondecreasing for ¢t > T'.
Thus, there exist T3 > T, Ty € T and k > 0 such that

fly(®) >k (2.4)

for t > T1. The integration of the first equation of system (1.1) from 77 to ¢ and substitution (2.4) into the

resulting equation give us

t t

z(t) 2 x(t) —x(Th) = / a(s)f(y(s))As =k | a(s)As

T1 Tl

or

o (2(t)) > k7 (/t a(s)Asy, LS T

T

Then by (1.2) there exist 75 € T, T5 > T and H > 0 such that

h(z(t)) > HO, (x(t)) = Ha'(t) (2.5)

for t > Ts; hence,

hw(t)) > HE (/t a(s)As)v, > T

T
The integration of the last equation of system (1.1) from T3 to t and inequaility (2.5) yield us

t

z2(t) — 2(Ty) = 7/

T

c(s)h(z(s))As < —HEK” /t c(s) (/S a(T)AT)’YAS

T> T

for t > To. As t — 00, z(t) — —oo by (2.1) but this is a contradiction to z > 0 eventually. This implies that
(z,y, z) cannot be of Type (a).

(iii) We now show that (z,y, z) cannot be of Type (d). Assume that it is, then y(¢) and z(¢) are negative
for t > T'. The positivity of 2 and the last equation of system (1.1) give us that z(¢) is nonincreasing for ¢ > T'.
Hence, there exist Ty > T, T} € T and [ < 0 such that

g9(2(t)) <1 (2.6)
for t > T7. Then, the integration of the second equation of system (1.1) from T to t leads us to
t t
y(t) <y(t) —y(Th) = . b(s)g(z(s))As <1 . b(s)As
1 1

or

D, (y(t)) <1¢ (/t b(s)As)a, t>T1.

Th
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Then by negativity of y and (1.2) there exist 7o € T, To > Ty and F > 0 such that

fly(t)) < F @a(y(t)) (2.7)

for t > Ty, and so

Fy(t)) < FI ( / t b(s)As>a, P> T

T

By integrating the first equation of system (1.1) from 75 to ¢ and taking the inequality above into account, we
get
t

a(s)[(y(s)) As < FI® / " als) ( ) b(T)AT>a As

Ty Ty

2(t) — 2(Th) :/

T

for t > To. As t — o0, z(t) = —o0 by (2.3) but this contradicts with the positivity of x. This implies that
(z,y, z) cannot be of Type (c). This completes the proof. O

3. Elimination by triple integrals

In this section, we obtain triple integrals of the coefficient functions to eliminate Types (a), (c), and (d)
solutions of system (1.1). In order to achieve this, we divide this section into three subsections regarding
whether a8y <1, afy=1 and afy > 1.

The following lemma plays an important role to prove our results in this section. The proof is based on
the chain rule on time scales, see Theorem 1.90 in [5]. Part (a) is used in the case oy < 1 while Part (b) is

necessary in the case afy > 1.

Lemma 3.1 Let y € C!,(T,R").

Let 0<n<1. If y»(t) <0 on T, then

< YR () -~
/Tiy”(o(t))At< , TeT.

() Let p>1. If y»(t) >0 on T, then

() ~
/Tyn(a(t))At< , T eT.

Proof The proof of (b) can be found in [2, Remark 4.2]. Therefore, we only prove (a) here. By the chain rule

on time scales, we have

enA A ! 1
(v "(®)" =1 -ny “)/0 W@ + uOhga )

Since 0 < y7 =y + uy® <y + phy® <y, we have
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The integration of inequality (3.1) from T to ¢ leads us

L yt(s) L
/Tyn(o—(s))ASS [y' () —y'(T)]

Since 1 —n > 0, and y is decreasing, we obtain that

* yB(s) ‘o
/T ilo(s) <

3.1. The case afy <1

Theorems in this section are shown by Lemma 3.1 (a) and the proof of (i) can be found in Theorem 4.3 in [3].

Theorem 3.2 Any nonoscillatory solution of system (1.1) cannot be of

(i) Type (a) if
(ii) Type (c) if

(i) Type (d) if

/T:o a(s) (/T: b(T) </Tj C(U)AU)ZT)ZS = 00. (3.4)

Proof Suppose that (z,y,z) is such a solution of system (1.1), claimed as in the theorem.
(ii) We now show that (z,y,z) cannot be of Type (c). Assume that it is, then y(¢) > 0, z(¢t) < 0 for
t > T. Then by (1.2) there exist T3 € T, T3 > T and F' > 0 such that

fly(t) = F y*(t) (3.5)

for t > Ty . Integration of the first equation of system (1.1) from Tj to ¢ and taking (3.5) into account yield

for t > 17,

t t

a(s)y“(s)As > F ya(t)/ a(s)As,

T

z(t) > a(t) —z(T1) > F/

T

where we use the monotonicity of y. This leads us to

27(t) > FY y®(t) (/t CL(S)AS)A{7 t>1T;. (3.6)

Th
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Then we can find T € T, To > Ty and H > 0 such that (2.5) holds. Substituting (3.6) into (2.5) yields

h(z(t)) > H FY y*7(t) (/t a(s)Asy, t>Th.

T

Integration of the last equation of system (1.1) from T3 to ¢ and the above inequality lead us to

2(t) < 2(t) — 2(T3) < —H FY y™ (1) / (s ( /T 9 amm)” As

or
By (2(0)) < —HP PPV o51(1) (/Tt o(s) (/T a(r)ATYAs)B, > T (3.7)

Then by (1.2) there exist T5 € T, T3 > T» and G > 0 such that
9(z(t)) < GPp(2(1)) (3-8)
holds for ¢ > T5. Substituting (3.7) into (3.8) we have
t s Y B
g(z(t)) < =G HP FPY 4P (¢) (/ c(s) (/ a(T)AT> As) , (3.9)
Ty T
t > T3. Also the second equation of (1.1) and (3.9) give us

VA0 < -6 1 Py e ( [ () ([ a<T>Ar)7As)B,

Ts Ty

where we use the monotonicity of y. Dividing both sides of the inequality above by 2*?7(o(t)) and the

integration from T35 to t yield

/Tt mmgc; HE FBY X/T:b(s) (/::c(T) (/Tja(v)mym)ﬁm, t>Ts.

As t — o0,

/OOyA(S)As:—oo

1, Y77 (0(s))
by (3.3). On the other hand, Lemma 3.1 (a) gives us a contradiction.
(iii) We now show that (z,y,z) cannot be of Type (d). Assume that it is, then y(¢) < 0, z(t) < 0 for
t > T. Then by (1.2) there exist T3 € T, Th > T and H > 0 such that (2.5) holds. By the integration of the

last equation of system (1.1) from Tj to ¢ and by (2.5), we have for ¢ > T,
¢ t
2(t) < z(t) —z(Ty) < —H [ c(s)z?(s)As < —H m“’(t)/ c(s)As,
T1 Tl

where we use the fact that x is monotonic. That leads us to

t B
®p(2(1) < —HP 2”7(1) (/T c(s)As) , t>1Ty. (3.10)

1
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Then there exist To, € T, To > T7 and G > 0 such that
g(2(t)) < G g (2(t)) (3.11)
for t > Ty. Substituting (3.10) into (3.11) yields
t B
g(z(t)) < =G HP 2P7(t) (/Tl C(S)A.s) , t>Ts.

Integrating the middle equation of system (1.1) from 75 to ¢ and taking the above inequality into account give
us

y(t) < y(t) — y(Ta) < —G B 27 (1) / b ( / S c<7>m)5 As

T> T

or

D, (y(t) < —G™ HYP 2P (¢) </t b(s) (/ c(T)AT)ﬁ As)a, t>Ts.

Ty T
Then by (1.2), there exist T3 € T, T3 > T» and F > 0 such that for ¢ > T,

fly(t) < F @q (y(1))

< _FG® HOP 308 (1) < /T t b(s) ( /T c(T)AT)B As)a. (3.12)

By using the first equation of system (1.1) and (3.12), one gets

2B (1) < —FG™ H® 2957 (o(t)) a(t) ( /T t b(s) ( /T c(T)AT)B As>a,

where we use the monotonicity of x. By a simple algebra on the inequality above and the integration of that
inequality from T3 to t yield

f s e o o [ o) ) o
As t — o0,

/“ch(s)As:_oo

7, 77 (0(s))

by (3.4). On the other hand, Lemma 3.1 (a) gives us a contradiction. Therefore, the proof is completed. O

3.2. The case afy =1

Theorems in this section are shown by Lemma 3.1 (a) as well since we use the proofs of Theorem 3.2. Therefore,

we will skip some of the proofs in this section.

Theorem 3.3 Let 0 < e < 1. Any nonoscillatory solution of system (1.1) cannot be of
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(i) Type (a) if

/ °° (s) ( / }(ﬂ( Tj b@)AU)ZT)X;foo; 1)

/Too b(s) (/T o(r) (/T a(v)Auy AT) Y pi—co, (3.14)

/TDO a(s) (/T b(r) (/TT c(v)M) ’ m) o As = 0. (3.15)

Proof Let 0 <e <1 and suppose that (z,y,z) is a nonoscillatory solution of system (1.1).

(i) Type (c) if

(iii) Type (d) if

(i) We now show that (z,y,2) cannot be of Type (a). Assume that it is, then y(¢) > 0, z(¢) > 0 for
t > T. As shown in the proof of Theorem 4.3 in [3], there exist 7o > Ty > T and F,G > 0 such that

t s a
z(t) > F G~ 208 (U(t))/ a(s) (/ b(T)AT) As,
T> Ty
where we use the monotonicity of z and so
t s « v(1—¢)
(2(£))"1 79 > pr-9 geri=9 (-9 (5(1)) (/ a(s) (/ b(T)AT> As)
Ty T

From the fact that x is positive and monotonic, one can get

@)™ < GO, k>0

Hence,
1—e¢)

() > kP09 @r1-9 (-0 (1)) (/t a(s) ( s b(T)AT>a AS)"/(

T2 T

Then by (1.2), there exist T5 € T, T3 > T> and H > 0 such that (2.5) holds for ¢ > T5. This implies that

h@(t)) > HrEFY0=9 Gor(=9 L0-9 (5(4)) < / " a(s) ( /T 9 b(r)m)a As> e (3.16)

T>

for t > T5. Taking the last equation of system (1.1) and (3.16) into account yield us

ZA(t) < —HEFY179 gor=9 20-9 (5(1)) ¢ (1) ( / t a(s) ( / ) b(T)Af)a As>m_€) .

T> T

Integration of the above inequality from T3 to t after dividing it by z(1=) (o (t)) yield

t ZA(S) t S T [ ’Y(lfe)
| sitoirgds < —aeri=0 @00 [ ([Cam ([Cswav) ar) - as oz
1 2179 (0 (s)) T T, T
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As t — oo,

- 7ZA(S) S = —
/;3 (o5

by (3.13). On the other hand, Lemma 3.1 (a) gives us a contradiction.
(ii) We now show that (x,y, z) cannot be of Type (c). Assume it is, then y(¢) is positive, z(t) is negative
for t > T. As shown in the proof of Theorem 3.2 (ii), there exist 7o > Ty > T and H, F > 0 such that
t s v
2() < —H FY 4™ (o(t)) / o(s) ( / a(T)AT> As:
T T
thus,
t s Y B(1—¢)
Ba1-0 (6(0) <~ P09, 0(0) ([ et ([Catmar) as)
T s

From the fact that z is negative and monotonic, one gets

Dsao0) (2(0)) 2 05 (2(1)), k>0,

e
Thus,
D (2(t)) < —k HPU=9 pAYU=ayl=¢(5(t)) (/Tt c(s) (/T a(T)ATY As) e . (3.17)

Therefore, by the second equation of system (1.1), (1.2), and (3.17) there exist T3 € T, T5 > T3, and G > 0
such that

Y () < =GR HPImI POy 1o ()b (1) (/T e(s) (/T ““)AT)W AS)%_E) .

The integration of the inequality above from T3 to t after dividing it by y*~<(o(t)) yield

t yA(s) t s T v B(1—e)
/ ——wAs < —GkEHﬂ(lfe)FBV(lfe)/ b(s) (/ e(T) </ a(v)Av) AT) As, t > Ts.
7 Y (o (s)) Ts Ty T

h ﬁ&s = —oo by (3.14). However, /OO EA&AS < 0o by Lemma 3.1 (i). However,
m, Y (0(s)) v Yy (0(s))

this implies that we have a contradiction and this proves assertion (ii).

Ast — oo,

(iii) can be shown similarly by using Lemma 3.1 (a) and hence we omit it. O

The following corollary is easily obtained by using the proof of Theorem 3.2. Here, we only prove the
following.

Corollary 3.4 Any nonoscillatory solution of system (1.1) cannot be of Type (a) if one of the following holds:

lim sup HE” G /t " emar ( /T t a(s) ( /T q b(v)Av)a As)W >1; (3.18)

1

liirisolip FGoHP (/:O c(T)AT) v (/Tt a(s) (/T b(v)Av)a As>7 > 1. (3.19)
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Proof Assume that (z,y,z2) is a Type (a) solution of system (1.1) such that z(¢),y(t), and z(t) are positive
for t > T'. Then (2.5) holds for ¢ > T. From the integration of the last equation of system (1.1) from ¢ to oo
and (2.5), one gets

() > / (Ph(a(r)Ar > H / (P (AT > Ha(1) / o(r)Ar. (3.20)
t t t
At the same time there exists T35 € T, T3 > T5 such that the following holds:
t T a
x(t) > FGa(z(t))o‘B/ a(T) (/ b(s)As) Ar, t>t>1T;z, (3.21)
T> T

see Theorem 4.3 in [3]. Substituting (3.21) into (3.20) we have

2(t) > HFYGV2(t) </t als) </ b(T)AT>a As>7 /:o o(r)Ar, t> T

Ty Ty

This implies that

> HFG™ (/Tt a(s) (/T b(T)AT)aAS>7/tDO C(F)AT, > T

t s e y e
limsup HF"G*Y (/ a(s) (/ b(T)AT) As) / c(r)Ar <1,
t—00 Ty T t

but this contradicts with (3.18). Substituting (3.20) into (3.21) contradicts with (3.19). So this completes the
proof. O

or

One can find the necessary conditions for Types (c¢) and (d) similarly.

3.3. The case afvy > 1

Lemma 3.1 (b) is needed to prove our main results we obtain in this section.

Theorem 3.5 Any nonoscillatory solution of system (1.1) cannot be of

(i) Type (a) if

/T:O a(s) (/U: C(T)AT> Ba(/Tj b(U)A’U)ZS = 00; (3.22)
/T:O c(s) (/U:) b(T)AT) M(/Tj a(v)Av)gs = 00; (3.23)

(i) Type (c) if

(ili) Type (d) if

/T:o b(s) (/T:) a(T)AT> ﬁfy(/Tj c(v)Av)Zs = o0. (3.24)

2256



AKIN et al./Turk J Math

Proof Let (x,y,z) be such a solution of system (1.1) claimed as in the theorem.
(i) We now show that (x,y,z) cannot be of Type (a). Assume that it is, then y(¢) > 0, z(¢) > 0 for
t > T. Then there exist 73 > T, T} € T and H > 0 such that (2.5) holds. The integration of the last equation

of system (1.1) from o(¢) to oo, using (2.5) and the fact that 2 is nondecreasing show us that

Ho(t) > / JROLECES
> H (2(o(t))) /a Y c(s)As
2P(o(t)) > HP (x(o(t)))* (/a: c(s)AS)ﬁ, t>T. (3.25)
Also, there exist G >0 and Tp > T}, T» € T such that
g(=(1)) = G D4(=(1)) (3.26)

for t > Ty. Integration of the middle equation of system (1.1) from 75 to ¢ and using the facts that z is

nonincreasing, positive, y is positive eventually and (3.26) lead us to

y(t) > ; b(s)g (z(s)) As > G 2°(a(t)) ; b(s)As, t>Ts. (3.27)

By substituting (3.25) into (3.27) and taking a'® power of the resulting inequality, we have

J () > GOHOP (2(o(1))*® ( I c(s)As> " (/ t b(s)As)a (3.28)

(t) T2

for t > T5. From the positivity of y, there exist F' > 0 and T5 > Ts, T5 € T such that (3.5) holds. Using this
fact and substituting (3.28) into the first equation of system (1.1) we have for ¢t > T3,

oo of t @
2B (8) > FGOH (2(0(8)))*a (1) ( / c<s)As> ( b(s)As).

(t) T

Dividing the above inequality by (z(c(t)))*?” and integrating the resulting inequality from T3 to ¢ yield

[ sz rom [ ([ o)

oo A(

apf

(/ b(v)0) s,

By (3.22), we have / ——————As = o0, but this contradicts with Lemma 3.1 (b), and finishes the proof
1, (2(0(s)))

of (i).
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In order to show (ii), we first integrate the middle equation of system (1.1) from o(¢) to infinity, and

( / a<u)Av)7 As,

As = 0o, but this contradicts with Lemma

then use the third and second equations of system (1.1) to arrive at

/;3 Calo(s)yor 8 = HEG /T ”</U<s>b( m)

for t >T5>Ty, T, T . B .23), we h. —_—
ort>1z =12, l2,13¢€ y (3.23), we have /T3 (—z(0(s)))*F7

ay

3.1 (b), and completes the proof of (ii).
In order to show (iii), we integrate the first equation from o(¢) to oo and use the last equation and then

the middle equation of system (1.1) to arrive at

A

sz ewr [ ([ ansr) ([ ome)'s

o0 _ A
for t > T35 > Ty, T5,T5 € T. By (3.24), we have / (—y()) - As = 0o, but this contradicts with Lemma

7y (—y(0(5)))”

3.1 (b), and so the proof of (iii) is completed. O

4. Conclusions
If we choose suitable conditions from Theorems 2.1-3.5, then we can conclude that every solution of system
(1.1) is either oscillatory or of Type (b). For instance, if I, = I, = I, = oo hold or (2.1), (2.2), and (2.3) hold
or I. = 00, (2.2), and (2.3) hold or I, = oo, (2.1), (2.2) hold or I, = I, = oo and (3.2) with afy < 1 hold,
then any nonoscillatory solution of system (1.1) belongs to Type (b).

We now consider the following continuous and discrete systems given us exact Type (b) solutions of the
systems.

Example 4.1 Let us examine

z® = ety
YD =2tz (4.1)
28 = _Ge3tg3.

with T =R. Since I, = I, = oo, Theorem 2.1 (ii) and (iii) indicate that solutions of Types (¢) and (d) are
eliminated. Moreover, since I. < co and (3.22) holds in Theorem 3.5, there will no solutions of Type (a) either.

72t, 676t)

Therefore, every monoscillatory solution of system (4.1) belongs to Type (b) and (et —e is such a

solution.

Example 4.2 Now, let us view

1/6 _ 1
f= : |yl seny
= D(1+ VO er )
YA = %|z|sgnz ‘
28 = ts%|x|3sgnx
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with T = ¢, ¢ > 1 and show I, = I, = 0o, and I, < co. Indeed,
1/6 _ 1
q 1
(g—Ds=k Y s
_ 5/32/3 (g 1 J
(¢— D+ Va)gs T

sE[Lt)qNO

/lt a(s)As= Y

where k1 = (111\//%' By using the fact s = q™, we have
fo= i 350% o

n=0
Similarly, it can be shown that I = oo and I. < oco. Therefore, by Theorem 2.1 Types (d) and (c) solutions

are eliminated. Next, we show that Equation (3.22) holds so that the nonoscillatory solution cannot also be of
(4.3)

aq

Type (a). First note that
/Sb(u)Au— S Lg-wz /2
1 Vv 1 “Va
uE[l,s)qNO
Also,
K 1 1
(AT =(q—1) > = G =—. (4.4)
o(s) €l (s),t) ng T2 (sq)>
Therefore, using (4.3) and (4.4) gives us
t t s 1 st
/ a(s) / o(T)AT (/ b(u)AV) As > 7/ a(s)As (4.5)
1 a(s) 1 q.J1
g5 —1 1
= =z T
TEML) wg |

1+ va)gs

Thus, taking the limit of (4.5) as t — oo, we have that Equation (3.22) holds. Hence, every nonoscillatory
14+ /9)¢*?
( Ve 91 s such a solution of system

$1/67

1
Vit

solution of system (4.2) belongs to Type (b). Moreover, (

(4.2).
The following theorem shows the existence criteria for nonoscillatory solutions of system (1.1) and we

need the monotonicity conditions on f, g, and h.

I, < o0, Iy < o0, and I, < oo,

Theorem 4.3 If f,g,h: R — R are nondecreasing continuous functions and
2259
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Proof Let (4.6) hold. Then there exists t; € T such that

/:O a(r) f (1 +/t: b(s)g (1 +h(2) /:O C(T)AT> As) Ar< 1.

Let B be the Banach space consisting of the bounded and continuous functions on T with ||z = sup |z(?)
t>t1,t€T

and the point-wise ordering <. Let S be a subset of B such that
S={zxeB:1<z(t) <2, t€[t1,00)r}

One can easily see that inf @ € S and sup @ € S for any subset Q of S. Define an operator L : S — B such
that

(Lz)(t) =1+ /t a(r)f (1 + /t: b(s)g (1 + /SOO c(T)h(x(T))AT) As) Ar,

ty

where t € [t;,00)r. Since x € § and the fact that f, g and h are nondecreasing, (Lz)(t) > 1 for all
t € [t1,00)r, and

t T o]

(Lz)(t) <1 +/ a(r)f (1 +/ b(s)g <1 +/ c(T)h(Q)AT) As) Ar < 2.
t1 t1 s

The positivity of a,b, and ¢ and the monotonicity of f, g, and h ensure that Lz is an increasing mapping

into itself, i.e. Lz : S — S. Then by the Knaster’s fixed-point theorem [9], one can have that there does exist

x € § such that Lx = x. Therefore, if we set

2(t) =1+ /too co(r)h(z(r))AT and y(t) =1 Jr/ b(s)g(z(s))As,

t1

then we obtain that (x,y, z) is a nonoscillatory solution of (1.1), as desired. O

Note that eliminating the nonoscillatory solutions of system (1.1) except for Type (b) requires the product
condition on «, 8 and v when the sufficient conditions are triple integrals, see Theorems 3.2, 3.3, and 3.5. On
the other hand, it is not necessary for the single and double integrals, see Theorems 2.1 and 2.2. Here, an
interesting question arises whether there is a system for which single and double integrals are inconclusive while

the triple integrals are conclusive.
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